On the last factor of the period polynomial for finite fields by S. Gurak (San Diego, Cal.)
Introduction.
Let q = p a be a power of a prime, and e and f positive integers such that ef + 1 = q. Let F q denote the field of q elements, F * q its multiplicative group and g a fixed generator of F * q . Let Tr : F q → F p be the usual trace map and fix θ = exp(2πi/p), a primitive pth root of unity. Put
and let C e denote the group of eth powers in F * q . The Gauss periods are
and satisfy the period polynomial In the classical case q = p, Gauss showed that Φ(x) is irreducible over Q and determined its coefficients for small values of e and f . In 1982 I determined how to compute the beginning coefficients of Φ(x) for the classical case when f is fixed [4] . (See also [3] . ) G. Myerson [7] has shown that for the general case q = p, Φ(x) splits over Q into δ factors, each of degree e/δ. To be precise, [391]
Each of the factors Φ (w) (x) is irreducible or a power of an irreducible polynomial over Q. Explaining patterns of additional reducibility that occur for Φ (w) (x) was the primary focus of recent work of mine [5] . Here I consider instead the problem of computing the coefficients of a given factor Φ (w) (x), particularly when w = δ. I determine in Section 3 how to compute the beginning coefficients of the last factor Φ (δ) (x) in (3) in a manner analogous to that known for the case q = p in [3] and [4] .
Computations of the coefficients of Φ
(w) (x). Here I first express the coefficients a r = a r (w) of a factor
of the period polynomial (3) for fixed w, 1 ≤ w ≤ δ, in terms of the symmetric power sums
Specifically, this is given by Newton's identities
To obtain a computationally practical formula for S n , I introduce a certain counting function t w (n) as follows. For a fixed integer w and any n > 0, let t w (n) count the number of n-tuples (
in (6) for n > 0. To see this, first write δ = c(q − 1)/(p − 1) + he for integers h and c. Then for any fixed j, g
generates F * p . Now t w (n) also counts the number of n-tuples in (C e ) n with Tr(g
In particular, t w (n) counts the number of ones (θ 0 ) occurring in the multinomial expansion of any η
A simple counting argument similar to that used in [4, p. 349 ] now yields (8). In particular, one finds a 1 = R − p(e/δ)t w (1)/(p − 1) from (7) . A much tidier expression for a 1 is given below.
P r o o f. It suffices to show that t w (1) = δ(p − 1)T (w)/e. I first assert that T (w) also counts the number of times Tr g
for any integer l prime to R. To see this, note that for ν ≡ ν (mod R),
Since lν runs through a complete set of residues modulo R for 1 ≤ ν ≤ R, the assertion about T (w) follows. In particular, T (w) counts the number of times Tr g A few comments are in order when p ≡ 1 (mod f ). Then e is a multiple 
. To summarize, I have shown:
In the general case p ≡ 1 (mod f ) there seems to be no nice interpretation of t w (n) as above, except for special values of the form w = kδ/m for fixed m | δ and 1 ≤ k ≤ m. In the next section, I treat the simplest such case w = δ and describe how to compute the beginning coefficients of Φ (δ) (x) in a manner analogous to that for ordinary cyclotomic period polynomials [3, 4] . The methods used may be extended to handle other cases w = kδ/m, with m > 1, but not without additional difficulties.
Beginning coefficients of the last factor Φ (δ)
(x). Retaining the notation of the previous section, I determine here how to compute the beginning coefficients of the last factor Φ (δ) (x) in (5), or equivalently those of (10)
for fixed f > 1. My goal is to generalize the results known in the classical case q = p [3, 4] by exhibiting a suitable counting function which coincides with t δ (n) in (8) and p a, then t δ (n) = β K (n)
Thus β K (n) counts the number of times Tr
p b / p (x 1 + . . . + x n ) = 0 for x i ∈ C e (1 ≤ i ≤ n). Now, in addition, Tr q / p (x 1 + . . . + x n ) = a b Tr p b / p (x 1 + . . . + x n ) for x i ∈ C e . Hence, if p a then β K (n) = t 0 (n),
which is the same as t δ (n) by (9).
I should remark that the finite set ξ n of exceptional primes for which t δ (n) > β K (n) can be determined in a manner analogous to the case q = p [3] by finding the rational primes dividing any of the norms
In general the counting function β K (n) is difficult to determine. A simple closed formula for β K (n) in certain special cases is given by the following two propositions. 
(ii) For f = 4 and r = 3, β K (n) = , y 2 , . . . , y 2n−1 , y 2n ) consisting of ones and minus ones, where x j corresponds to the pair (y 2j−1 , y 2j ) (1 ≤ j ≤ n) as described, and vice versa. The correspondence is such that each tuple (x 1 , . . . , x n ) with Tr Q(ζ)/K (x 1 + . . . + x n ) = 0 yields a tuple (y 1 , . . . , y 2n ) with y 1 + . . . + y 2n = 0, and vice versa. Thus β K (n) = 2n n , the number of ways to fill a 2n-tuple with an equal number of ones and minus ones.
Thus statement (ii) is verified and the proof of the proposition is now complete. Now let h be the smallest positive integer for which β K (h) = 0. Using (7), (8) and Proposition 2, one may obtain the following generalization of Theorem 1 in [4] . Since the argument is identical, I shall omit it here. (7) and (8):
for p > 2,
for p > 5,
One observes that Φ (x) from (7) and (8).
for p > 7 and
The pattern of these coefficients is exhibited below for primes p < 23.
It is interesting to note that when h > 1, the polynomial Φ (δ) (x) is irreducible for sufficiently large p by Proposition 3 and the corollary to Proposition 1. In particular, h > 1 whenever f is square-free, since then Tr Q(ζ)/K (ζ α ) = 0 for any integer α.
To generalize Theorem 1 of S. Gupta and D. Zagier [3] , I next introduce the rational power series
defined in terms of the counting function β K (n).
The argument in the proof of Theorem 1 of [3] extends in a straightforward manner to yield the following general result here. For the case f = 4 and r = 3, one has R = 2, K = Q and e/δ = (p−1)/2. From Proposition 3, for primes p ≡ 3 (mod 4) and not dividing a, one finds t δ (n) = β K (n) for 1 ≤ n ≤ (p − 1)/2. In such cases one may take N = (p + 1)/2 in (13) which completely determines F(X) or Φ (δ) (x). It is even possible to find a closed form formula for the coefficients a s in (10);
